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(index) $II_{1}$ III C*
$II_{1}$ o $II_{1}$ unique normalized
faithful trace von Neumann




$L^{2}(M)$ $M$ normalized fai th$ful$ trace
$M$ $M$ eN’ $L^{2}(M)$ $\overline{N}$ projection $tr_{N’}$
$N^{l}$ut normalized $fai$ th$ful$ trace
$II_{1}$ $M\supset N$ $II_{1}$ $<M,$ $e_{N’}>$
basic construction $[<M, e_{N’}>:M]=[M :N]$
PROPOSITION (JONES). $L\supset M\supset N$ $II_{1}$
(i) $[M : N]=1$ if and only if $M=N$ ,





THEOREM (JONES). $II_{1}$ $M$
$C_{M}=$ { $[M$ : $N];M\supset N$ : $II_{1}$ },
$\mathcal{I}_{M}=$ { $[M$ : $N];M\supset N$ : $II_{1}$ , $N^{l}\cap M=C$},




\S 1 Jones’ projection
$M_{1}\supset M_{0}$ $II_{1}$ , index $\lambda^{-1}$




$tr$ normalized trace projection $\{e_{i} ;i=1,2, \ldots\}\subset M$
(a) $e_{i}e$ 1 $i$ $(i\in N)$
(b) $e_{i}e_{j}=e_{j}e_{i}$ $(|i-j|\geq 2)$
(c) $tr(\omega_{1}\omega_{2})=tr(\omega_{1})tr(\omega_{2})$
( $\omega_{1}$ : word in $1,e_{1},$ $\cdots,$ $e_{m},$ $\omega_{2}$ : word in $e_{m+1},$ $\cdots$ , $e_{m+n}$ )
$(a),(b),(c)$ projection $\{e_{i} ; i=1,2, . . . \}$ $J_{ones}$ )
projection $A=\{e_{i} ;i=1,2, \ldots\}^{ll},$ $B=\{e_{i} ;i=2,3, \ldots\}’’$
$A,$ $B$ $\Pi_{1}$ index $\lambda^{-1}$
relative commutant $B’\cap A$ $\lambda^{-1}<4$ trivial
\S 2 Jones’ projection
Jones’ relation (a) non-zero
projection $\{e_{i} ;i=0,1,2, . . . \}$ $\subset$ M o ( \mbox{\boldmath $\lambda$}-1 $=$
$4\cos^{2}(\pi/(n+2)),$ $(n\geq 1)$ )
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$(a_{1}^{l})$ $e_{i}e$ ; 1 $e_{i}=\lambda e_{i}$ $(i\in \mathbb{N})$
$(a_{2}’)$ $e_{i}e_{i}$ 1 $e_{i}=\{\begin{array}{l}\lambda e_{i}\alpha e_{1}\end{array}$ $i=1i\geq 2$
$(b’)$ $e_{i}e_{j}=e_{j}e_{i}$ $(|i-j|\geq 2)$
$(c’)$ $tr(\omega_{1}\omega_{2})=tr(\omega_{1})tr(\omega_{2})$
( $\omega_{1}$ : word in $1,e_{0},$ $\ldots$ , $e_{m},$ $\omega_{2}$ : word in $e_{m+1},$ $\ldots$ , $e_{m+n}$ )
THEOREM (POPA). $M$ von $Ne$umann $tr$ normalized
$fai$ th$ful$ trace $\{e_{i} ;i=0,1,2, \ldots\}\subset M$ $(a_{2}’),(b^{l}),(c^{l})$
projectJon
$\lambda^{-1}=4\cos^{2}(\pi/(n+2)),$ $(n\geq 1)$
$\alpha\in\{0\}\cup\{\lambda P_{k-1}(\lambda)/P_{k}(\lambda) ; 0\leq k\leq n-1\}$ .
$P_{-1}(\lambda)=P_{0}(\lambda)=1,$ $P_{k+1}(\lambda)=P_{k}(\lambda)-\lambda P_{k-1}(\lambda),$ $(k>0)$ .
\alpha $\lambda$ $\alpha\in\{\lambda P_{k-1}(\lambda)/P_{k}(\lambda) ;0\leq k\leq n-1\}$
THEOREM (POPA). $M\supset N$ $II_{1}$ , $\lambda^{-1}$
$\Lambda(M, N)\equiv$ { $\alpha\in R$ ; $\exists f\in N$ projection $s.t_{:}E_{N}(f)=\alpha 1_{N}$ }
$\lambda^{-1}=4\cos^{2}(\pi/(n+2)),$ $(n\geq 1)$
$\Lambda(M, N)=\{0\}\cup\{\lambda P_{k-1}(\lambda)/P_{k}(\lambda) ; 0\leq k\leq n-1\}$ .
$\alpha\in\{\lambda P_{k-1}(\lambda)/P_{k}(\lambda) ; 0\leq k\leq n-1\}$ $(a_{1}’),(a_{2}’),(b’)$ ,
$(c^{l})$ projection $\{e_{i} ;i=0,1,2, \ldots\}\subset M$
$M_{1}\supset$ Mo IIl , index $\lambda^{-1}$
$e_{i},$ $M_{i},$ $M$ \S 1 $E_{N}(f)=\alpha 1_{N}$
projection $f\in N$ $e0$ $e_{1}e0e_{1}=E_{N}(eo)e_{1}=\alpha e_{1}$ ‘ projection
$\{e; ; i=0,1,2, \ldots\}\subset M$ $(a_{1}’),(a_{2}^{l}),(b^{l}),(c^{l})$
THEOREM 1. M IIl $\lambda^{-1}=4\cos^{2}(\pi/(n+2)),$ $(n\geq 1)$
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$(a_{1}^{/}),(a_{2}^{l}),(b’),(c’)$ projec tion $\{e_{i} ; i=0,1,2, \ldots\}\subset M$
$\Leftrightarrow\alpha\in\{\lambda P_{k-1}(\lambda)/P_{k}(\lambda) ; 0\leq k\leq n-1\}$ .
$\{e_{i} ;i=1,2, \ldots\}\subset M$ $e_{0}$ projection
projection $\{e_{i}, f_{j} ; i\in \mathbb{N}, 1\leq j\leq m\}$
$\subset M$
(R-1) $e_{i}e_{i+1}e;=\lambda e_{i}$ $(i\in \mathbb{N})$
(R-2) $e_{i}e_{i-1}e;=\lambda e_{i}$ $(i\in \mathbb{N})$
$e_{1}f_{j}e_{1}=\alpha_{j}e_{1}$ $(1\leq j\leq m)$
(R-3) $e_{i}e_{j}=e_{j}e\{$ $(|i-j|\geq 2)$
$e_{i}f_{i}=f_{j}e_{i}$ $(i\geq 2,1\leq j\leq m)$
(R-4) $tr(\omega_{1}\omega_{2})=tr(\omega_{1})tr(\omega_{2})$
( $\omega_{1}$ : word in 1, $f_{1)}\ldots$ , $f_{m},$ $e_{1},$ $\ldots$ , $e_{n}$ ,
$\omega_{2}$ : word in $e_{n+1},$ $\ldots e_{n+p}$ )
(R-5) $\sum_{j=1}^{m}f_{j}=1$
$(R- 1)\sim(R- 5)$ projection $\{e_{i}, f_{j} ; i\in \mathbb{N}, 1\leq i\leq m\}$
Extended Jones’ projections
$\alpha_{1}\leq\alpha_{2}\leq\cdots\leq\alpha_{m}$ $\lambda_{k}=\lambda P_{k-1}(\lambda)/P_{k}(\lambda)(0\leq k\leq n-1)$
$\lambda=\lambda_{0}\leq\lambda_{1}\leq\cdots\leq\lambda_{n-1}$ $\lambda^{-1}=4\cos^{2}(\pi/(n+2))$
$\lambda_{k}=\sin(k+1)\theta_{n}/(2\cos\theta_{n}\sin(k+2)\theta_{n})(\theta_{n}=\pi/(n+2))$
$e_{0}=f_{j}$ projection $\{e_{i} ;i=0,1,2, . . . \}$ $\subset M$
$(a_{1}’),(a_{2}^{/}),(b’),(c’)$ Theorem 1 $\alpha_{j}\in\{\lambda_{k} ;0\leq k\leq n-1\}$
Extended Jones’ projections
THEOREM 2. $M$ $II_{1}$
$Ex$tended $J$ones projections $\{e_{i},f_{j}- ; i=1,2, . . . , 1 \leq i\leq m\}\subset M$
$\Leftrightarrow$ $(n; \alpha_{1}, . . . , \alpha_{m})=(n;\lambda_{k}, \lambda_{n-k-2})(0\leq k\leq[\frac{n-2}{2}]fn\geq 2)$,
$(2k;\lambda_{0}, \lambda_{0}, \lambda_{k-2})(k\geq 2)$ ,




\S 3 String $al$gebra o
Extended Jones’ projections $(n;\alpha_{1}, \ldots\alpha_{m})$
$(n;\lambda_{k}, \lambda_{n-k-2})$ .. . A
$(2k;\lambda_{0}, \lambda_{0}, \lambda_{k-2})$ .. . $D$
$(10; \lambda_{0}, \lambda_{1}, \lambda_{1})$ . .. $E_{6}$
$(16; \lambda_{0}, \lambda_{1}, \lambda_{2})$ . .. $E_{7}$
$(28; \lambda_{0}, \lambda_{1}, \lambda_{3})$ . .. $E_{8}$
\S 3 Extended Jones’ projections
\sim String algebra Extended Jones’ projections
$G$ distinguished vertex $*$ unoriented bipartite graph s $\mu$
harmonic weight ($\beta$ :eigenvalue) $n\in \mathbb{N}$
$Path_{x}^{(n)}\equiv$ { $\xi$ path; $s(\xi)=x,$ $|\xi|=n$} $x\in G_{(0)}$
$String_{*}^{(n)}\equiv\{\rho=(\xi, \eta);\xi, \eta\in Path_{*}^{(n)}, r(\xi)=r(\eta)\}$
$H_{n}\equiv Path_{*}^{(n)}$ C.O.N. $S$ Ifilbert space
$s(\xi)$ :\mbox{\boldmath $\xi$} $r(\xi)$ :\mbox{\boldmath $\xi$} $|\xi|$ :\mbox{\boldmath $\xi$}
$H_{n}$ $String_{*}^{(n)}$
$(\rho+, \rho-)\xi=\delta(\rho-, \xi)\rho+$ $((\rho+, \rho_{-})\in String_{*}^{(n)},$ $\xi.\in Path_{*}^{(n)}$ )
$String_{*}^{(n)}$ von Neumann algebra
An
$e_{n} \equiv\beta^{-1}\sum_{\alpha\in Path_{*}^{(n- 1)}}\sum_{\zeta,\eta\in Path_{r(\alpha)}^{(1)}}\frac{\sqrt{\mu(r(\xi))\mu(r(\eta))}}{\mu(r(\alpha))}(\alpha 0\xi 0\tilde{\xi}, \alpha 0\eta 0\tilde{\eta})\in A_{n+1}$
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$\tilde{\xi}$ :\mbox{\boldmath $\xi$} path, $\alpha 0\xi$ :\alpha \mbox{\boldmath $\xi$} path
projection $\{e_{n} ; n\in \mathbb{N}\}$
THEOREM (OCNEANU). $e_{n}$ , \beta $A_{\infty}= \bigcup_{n\epsilon N}A_{n},$ $tr$ $\mu$
$A_{\infty}$ $tr$ace
$(a)$ $e_{n}e_{n\pm 1}e_{n}=\beta^{-2}e_{n}$ $(n\in \mathbb{N})$
$(b)$ $e_{n}e_{m}=e_{m}e_{n}$ $(|n-m|\geq 2)$
(c) $tr(\omega_{1}\omega_{2})=tr(\omega_{1})tr(\omega_{2})$
($\omega_{1}$ : word in $1,e_{1},$ $\cdots$ ) $e_{m},$ $\omega_{2}$ : word in $e_{m+1},$ $\cdots e_{m+n}$)
projection $f_{j}$
$Path_{*,x}^{(1)}\neq\phi$ $x\in G^{(0)}$ projection $1f_{x}$
$f_{x} \equiv\sum_{\xi\in Path_{*,x}^{(1)}}(\xi)\xi)\in A_{1}$
$e_{n}$ o
THEOREM 3. $e_{n},$ $f_{x},$ $\mu,$ $\beta$ ) $tr$
$(a)$ $e_{1}f_{x}e_{1}=\#(Path_{*,x}^{(1)})\mu(x)\beta^{-1}e_{1}$
$(b)$ $e_{n}f_{x}=f_{x}e_{n}$ $(n\geq 2)$
$(c)$ $tr(\omega e_{m+1})=tr(\omega)tr(e_{m+1})$
($\omega$ : word in $f_{x}(x\in G^{(0)}),$ $e_{1},$ $\cdots$ ) $e_{m}$)





2) $(2k;\lambda_{0}, \lambda_{0}, \lambda_{k-2})$
$D_{k+2}$
3) $(10; \lambda_{0)}\lambda_{1}, \lambda_{1})$
$E_{6}$
4) $(16; \lambda_{0}, \lambda_{1}, \lambda_{2})$
$E_{7}$
5) $(28; \lambda_{0}, \lambda_{1}, \lambda_{3})$
$E_{8}$
\S 4 Index
Extended Jones’ projections $\{e_{i}, f_{j} ;i=1,2, . . . , 1\leq j\leq m\}$
”
$A=\{e_{i}, f_{j} ; i=1,2, \ldots 1\leq j\leq m\}$ , $B=\{e_{i} ; i=1,2, \ldots\}$
$[A : B]$ Wenzl
$A_{k}=\{e_{i}, f_{j} ; 1\leq i\leq k, 1\leq j\leq m\}’’,$ $B_{k}=\{e_{i} ; 1\leq i\leq k\}’’$
$(k\geq 1),$ $A_{-1}=B_{-1}=B_{0}=\mathbb{C},$ $A_{0}=\{f_{j} ; 1 \leq j\leq m\}"$
$A_{k}\subset A_{k+1}$ inclusion matrix $[A_{k}arrow A_{k+1}]$
2
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LEMMA 1. $k_{j}\in \mathbb{N}\cup\{0\}$ $\alpha_{j}=\lambda_{k_{j}}$
$pj,k=1-(1-fj)\vee e_{1}\vee\cdot.$ . V $e_{k}(k\geq 1),$ $pj,0=fj$ ,
1) $p_{j,k}\in Z(A_{k})$
2) $k\geq k_{J+}1$ $p_{j,k}=0$
LEMMA 2. $q_{k}=1-$ $pj,k$
$\exists\Phi_{k+1}$ $:<A_{k},$ $e_{A_{k-1}}>arrow A_{k+1}q_{k+1}$ $*- isom,onto$
$s.t$ . $\Phi_{k+1}(x)=xq_{k+1}(x\in.A_{k})$
$[A_{k}arrow<A_{k}, e_{A_{k-1}}>]=[A_{k}q_{k+1}arrow A_{k+1}q_{k+1}]$
2 $k \geq\max$ j $+1$ $[A_{k}arrow<A_{k}, e_{A_{k-1}}>]=$
$[A_{k}arrow A_{k+1}]$ $[A_{k}arrow<A_{k}, e_{A_{k-1}}>]=[A_{k-1}arrow A_{k}]^{t}$
$[A_{k}arrow A_{k+1}]=[A_{k-1}arrow A_{k}]^{t}$ inclusion matrix
$[A_{k}arrow A_{k+1}]$ $A_{n},B_{n}$ Wenzl
Wenzl $[A:B]$
THEOREM 4. Extended Jones’ projec tions $\{e_{i}, f_{j} ; i\in \mathbb{N}, 1\leq i\leq m\}$
$A=\{e_{i}, f_{j} ; i=1,2, \ldots, 1\leq j\leq m\}’’,$ $B=\{e_{i} ; i=1,2, \ldots\}’’$
$A,B$ hyperfinite IIl $[A:B]$ $(n;\alpha_{1}, \ldots\alpha_{m})$
1) $(n; \lambda_{k}, \lambda_{n-k-2})(0\leq k\leq[\frac{n-2}{2}], n\geq 2)$
$[A : B]= \frac{\sin^{2}(k+2)\theta_{n}}{\sin^{2}\theta_{n}}$
2) $(2k;\lambda_{0}, \lambda_{0}, \lambda_{k-2})(k\geq 2)$
$[A : B]=2\cot^{2}\theta_{2k}$
3) $(10; \lambda_{0}, \lambda_{1}, \lambda_{1})$
$[A:B]=18+10\sqrt{3}$
4) $(16; \lambda_{0}, \lambda_{1}, \lambda_{2})$
$[A:B]=9 \{2\sin^{2}\theta_{n}(\frac{\sin^{2}2\theta_{n}}{\sin^{2}4\theta_{\mathfrak{n}}}+\frac{\sin^{2}\theta_{\mathfrak{n}}}{\sin^{2}3\theta_{n}}+1)\}^{-1}$
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5) $(28; \lambda_{0}, \lambda_{1}, \lambda_{3})$
$[A:B]=15 \{2\sin^{2}\theta_{n}(\frac{\sin^{2}\theta_{n}}{\sin^{2}5\theta_{n}}+\frac{\sin^{2}3\theta_{n}}{\sin^{2}5\theta_{n}}+\frac{\sin^{2}\theta_{n}}{\sin^{2}3\theta_{n}}+1)\}^{-1}$
relative commutant $B’\cap A$ Jones ([1] \S 4.5)
trivial
TIIEOREM 5. Extended Jones’ projec tions $\{e_{i}, fj ; i\in \mathbb{N}, 1\leq j\leq m\}$
$A=\{e;, f_{j} ; i\in \mathbb{N}, 1\leq j\leq m\}’’$ $B=\{e_{i} ; i=1,2, \ldots\}’’$
relative commutant $B\cap At$ trivial o
$A(j)=\{e_{i}, f_{j;}i=1,2, \cdots\}^{\prime t}$ $[A : A(j)]$
$\{e_{i}, f_{j}, 1-f_{j}; i=1,2, \cdots\}$ A Extended Jones) projections
$[A(j):B]$ Theorem 4 $[A :B]=[A :A(j)][A(j) :B]$
$[A : A(j)]$
COROLLARY 1. $A,$ $A(j)$ $[A:A(j)]$
1) $(2k;\lambda_{0}, \lambda_{0}, \lambda_{k-2})(k\geq 2)$
$[A:A(1)]=[A:A(2)]=(2\sin^{2}\theta_{2k})^{-2}$
$[A : A(3)]=2$
2) $(10; \lambda_{0}, \lambda_{1}, \lambda_{1})$ ’
$[A : A(1)]=6+2\sqrt{3}$
$[A : A(2)]=[A : A(3)]=3+\sqrt{3}$
3) $(16; \lambda_{0}, \lambda_{1}, \lambda_{2})$
$[A:A(j)]=9 \{2\sin^{2}(j+1)\theta_{n}(\frac{\sin^{2}2\theta_{n}}{\sin^{2}4\theta_{n}}+\frac{\sin^{2}\theta_{\mathfrak{n}}}{\sin^{2}3\theta_{n}}+1)\}^{-1}$
4) $(28; \lambda_{0}, \lambda_{1}, \lambda_{3})$
$[A : A(j)]=15 \{2\sin^{2}(k_{j}+2)\theta_{n}(\frac{\sin^{2}\theta_{n}}{\sin^{2}5\theta_{n}}+\frac{sin^{2}3\theta_{n}}{\sin^{2}5\theta_{n}}+\frac{\sin^{2}\theta_{n}}{\sin^{2}3\theta_{n}}+1)\}^{-1}$
( 1, 2, \ell d‘) $=(0,1,3)$
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$\{f_{j} ; 1\leq j\leq m\}$ $A$ fixed point
algebra $(2n;\lambda_{n-1}, \lambda_{n-1}),$ $(10;\lambda_{0}, \lambda_{1}, \lambda_{1})$
$(2n;\lambda_{n-1}, \lambda_{n-1})$
$\theta(fi)=f_{2},$ $\theta(f_{2})=f1,$ $\theta(e_{i})=e_{i}(i\in \mathbb{N})$
$(10; \lambda_{0}, \lambda_{1}, \lambda_{1})$
$\theta(f_{1})=f_{1},$ $\theta(f_{2})=f_{3},$ $\theta(f_{3})=f_{2},$ $\theta(e_{i})=e_{i}(\iota’\in \mathbb{N})$
$A$ $\theta$ $A^{\theta}\supset B,$ $B’\cap A=C$
$\theta$ outer $\theta^{2}=id$ $[A :A^{\theta}]=2$






[$A^{\theta}$ . A(1)]=3+ $\sqrt{}$
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